
Introduction
Gear transmission has been widely used in mechani-
cal equipment as one of the most important transmission 
modes. The vibration and noise of gearsets is directly related 
to the whole characteristics of the transmission system. In 
order to improve the performance and reduce the noise of 
gear transmission system, more attention should be paid to 
the gear dynamics. The fluctuation of mesh stiffness is one 
of the most important internal excitations of gear transmis-
sion, so it is crucial issue to find the influence factors of mesh 
stiffness fluctuation (Ref. 1). Many scholars have performed a 
lot of work to investigate the mesh stiffness for general gears 
using theoretical and experimental methods (Refs. 2-5). The 
main result told that when the contact ratio is an integer that 
the stiffness is approximately constant, which has a low ef-
fect on the dynamic characteristics (Ref. 4). Liu (Ref. 6) and 
Bu (Ref. 7) discussed the influence of design parameters such 
as helix angle, pressure angle, tooth face width, etc. on the 
mesh stiffness. Related research focused on the relationship 
between mesh stiffness and gears basic parameters, which 
were not involved how to adjust the parameters to reduce the 
mesh stiffness fluctuations and achieve a lower noise level.

In this paper, the mesh stiffness and its fluctuation value of 
helical gears with different parameters are calculated respec-
tively by using the finite element method. The gear param-
eters concerned include pressure angle, helical angle, ad-

dendum coefficient and face width and etc.. Since the mesh 
stiffness fluctuation is closely related to the loads variation on 
the contact lines, the model for solving the mean length, total 
length and time-varying length of contact lines is also estab-
lished. Then the influences of various gear parameters on the 
mesh stiffness are systematically investigated. The compre-
hensive analysis of the mesh stiffness shows that contact ra-
tios are the key factors affecting the fluctuation value of mesh 
stiffness when the gear parameters are changed. By optimiz-
ing the basic parameters of helical gears, the fluctuation of 
the mesh stiffness of helical gears can be reduced.

Method for Calculating Mesh Stiffness
A modified method for determining the time-varying mesh 
stiffness and actual load distribution based on linear pro-
gramming is used in this research referring to the literature 
(Ref. 8). Using Pro/E. software, a 3-D model of gear with true 
involutes profile was established based on the gear manu-
facturing technology firstly. Then the flexibility coefficient 
matrix of gear tooth surface was obtained using the substruc-
ture method by ANSYS software. Finally the time-varying 
meshing stiffness was solved by using linear programming 
method. The 3-D geometry and finite element models are 
presented in Figure 1. The advantage of this method is that 
the whole process is parameterized. In this method, the load 
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Figure 1  3-D and finite element models of helical gear.
Figure 2  Time-varying mesh stiffness in a mesh period.
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distribution along the contact lines and mesh stiffness during 
the whole meshing period can be evaluated simultaneously.

Figure 2 shows the time-varying mesh stiffness in a mesh 
period calculating by the finite element method mentioned 
above. The x coordinate t means dimensionless time which is 
the mesh time divided by one mesh period. The y coordinate 
cγ and L (t) are the time-varying mesh stiffness and the time-
varying contact-line length respectively. The meshing stiff-
ness decreases at the instantaneous position where the teeth 
enter contact or exit contact.

In order to study the laws of mesh stiffness, its fluctuation 
ηcγ is defined as follows:

(1)

ηcγ =
Δcγ × 100%cγm

where cγm is the mean value of the time-varying mesh 
stiffness in one whole mesh period. The symbol Δcγ is the 
difference value between the maximum value cγmax and 
minimum value cγmin of the time-varying mesh stiffness, 
i.e. — Δcγ = cγmax − cγmin.

Fluctuation of Contact-Line Length
Figure 3 shows the action plane of a pair of helical gears and 
the contact lines at different meshing times. Gear teeth be-
gin to meshing from A position and out of meshing at C posi-
tion. The line AD represents the actual action line, and line 
CD means the tooth face width B, where εα and εβ, being the 
transverse contact ratio and overlap contact ratio, respec-
tively, and pbt and pba being the transverse base pitch and axle 
base pitch, respectively. βb is the base helix angle.

The formulas of contact-line length are derived based on 
Figure 3, which include the time-varying total contact-line 
length within the action plane L(t), the mean value of the to-
tal contact-line length Lm, the maximum value Lmax, and mini-
mum value Lmin. Here we define Eα and Eβ as representing the 
integer part of εα and εβ, while we define eα and eβ as represent-
ing the decimal part of εα and εβ respectively.

If eα + eβ ≤ 1, the time-varying length L(t) can be expressed 
as:

(2)

L(t) = L1 + {
pba t 0 ≤ t < e1

cos βb

pba e1 t e1 ≤ t ≤ e2
cos βb

pba (−t + e1 + e2) e2 < t ≤ e1+ e2
cos βb

0 e1+ e2 < t ≤ 1

While, eα + eβ > 1:
(3)

L(t) = L1 + {
pba (e1+ e2− 1) 0 ≤ t < e1+ e2 − 1

cos βb

pba t e1+ e2− 1 t ≤ e1
cos βb

pba e1 e1 < t ≤ e2
cos βb

pba (−t + e1 + e2) e2 < t ≤ 1
cos βb

Where: L1 = Eα Eβ l1(t) + Eβ l2(t) + Eα l3(t), l1(t) = pba/cos βb, 
l2(t) = pba eα/cos/βb, l3(t) = pba eβ/cos βb, e1 = minv(eα, eβ) and 
e2 = max (eα, eβ).

The mean value Lm of the contact-line length can be given 
by:

(4)

Lm  = εα B = εα εβ pba

cos βb cos βb

According to Equations 2 and 3, the maximum value Lmax of 
the contact-line length can be derived as:

(5)

Lmin  = (εα εβ − eα eβ+ e1) pba

cos βb

When eα + eβ ≤ 1, the minimum value Lmin of the contact-line 
length can be expressed as:

(6)

Lmin  = (εα εβ − eα eβ) pba

cos βb

while eα + eβ > 1, the minimum value Lmin of the contact-line 
length can be expressed as:

(7)

Lmin  = (εα εβ − eα eβ + eα + eβ − 1) pba

cos βb

Figure 3  Action plane and contact lines.

Figure 4  Lengths of contact lines vs. different helix angles β.
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In order to measure the fluctuation of contact-line length 
during one whole meshing period, the changing ratio of the 
total length of contact lines ηL, defined as the relative differ-
ence between the maximum value Lmax and the minimum 
value Lmin to the mean value Lm of the total length of contact 
lines. The formula of ηL is expressed as:

(8)

ηL = Lmax − Lmin × 100%Lm

On the basis of Equations 4–7, ηL can also be expressed as:
(9)

ηL = { e1 × 100% εα + εβ ≤ 1εα εβ
1 − e2 × 100% εα + εβ > 1εα εβ

Figure 4 shows the effects of helix angle β on the time-vary-
ing contact lines. Table 1 displays the initial parameters of the 
helical gears that are discussed in Figure 5. The helix angle β 
is varied from 16° – 35°. It is seen that the variation of curves 
has the same trend — but with different amplitudes. Compar-
ing contact ratios at different helix angles, as seen in Table 2, 

it is found that when the overlap contact ratio of a helical gear 
is close to an integer, such as when β is 20° or is 31°, the am-
plitude of L(t) is very low, and the changing ratio of the total 
length of contact lines ηL is approximate to zero.

In order to reveal the rules of the length of contact lines, 
considering the general conditions, the surface chart about 
the changing ratio of the total length of contact lines ηL vs. 
different transverse contact ratios and overlap contact ratios 
is plotted in Figure 5; this curved surface chart is obtained by 
the Equation 9.

From Figure 5 the influences of contact ratios, including 
transverse contact ratio, overlap contact ratio and total con-
tact ratio to the length of contact line are exhibited. The re-
sults show that contact ratios are the key factor affecting the 
fluctuation value of contact-line length. The fluctuation value 
of ηL has an extreme maximum when the total contact ratio 
is an integer, while it has a minimum, i.e. — zero — when the 
transverse contact ratio or face contact ratio is an integer.

The Influential Factors of Mesh Stiffness
In order to discuss the influential factors of mesh stiffness 
and its fluctuation, a series of mean values of the time-vary-
ing mesh stiffness cγm and their fluctuation values ηcγ, mean 
values of contact-line length Lm and their changing ratios ηL of 
helical gears with different parameters were solved, respec-
tively, using the method mentioned above.

Helix angle. Figure 6 shows the effect of helix angle β on 
the mean value of mesh stiffness cγm and contact-line length 
Lm. The helix angle β is varied from 14° – 42°. It is seen that the 

mean values of mesh stiffness and lengths of 
contact lines decrease in the same trend while 
helix angle β increases.

Figure 7 shows that the changing ratio of the 
total length of contact lines ηL and mesh stiff-
ness ηcγ change with the contact ratios when 

helix angle β increases. The overlap contact ratio is varied 
from 1.41 – 3.91, while the total contact ratio varying from 
3.11 – 5.06 when β increased from 14° – 42°. It is seen that 
mesh stiffness and lengths of contact lines have the same 
trend, while helix angle β or contact ratios increase.

Table 1  The parameters of helical gears
parameter z mn/mm αn/° β/° han cn B/mm x

pinion 37 5 20 16~35 1.0 0.25 92 0
gear 106 5 20 16~35 1.0 0.25 92 0

Table 2  Contact ratios at different helix angles
β/° εα εβ εγ

16 1.6760 1.6411 3.2904
20 1.6197 2.0032 3.6229
24 1.5523 2.3822 3.9346
31 1.4104 3.0165 4.4269
35 1.3175 3.3594 4.6769

Figure 5  The surface chart of ηL vs. contact ratios.

Figure 6  The cγm and Lm vs. different helix angles β.

Figure 7  The ηcγ and ηL vs. helix angle and contact ratios.
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The graph shows that the minimum value of ηcγ, as well as 
ηL, appears when the overlap contact ratio is close to an inte-
ger. However the maximum value of ηcγ and ηL appears when 
the total contact ratio is close to an integer.

Addendum coefficient. Figure 8 shows the effect of adden-
dum coefficient han on the mean value of mesh stiffness cγm 
and contact-line length Lm; the addendum coefficient han is 
varied from 0.4 – 1.4. It is seen that the mean values of mesh 
stiffness and lengths of contact lines increase in the same 
trend when addendum coefficient han increases. The increas-
ing values of Lm and cγm are 144 mm and 8.37 N/(μm·mm), 
respectively.

Figure 9 shows the changing ratio of the total length of con-
tact lines ηL and mesh stiffness ηcγ change with the contact 
ratios when addendum coefficient han increases. The trans-
verse contact ratio is varied from 0.63 – 2.05, while the overlap 
contact ratio remains unchanged, and the total contact ratio 
varying from 3.26 – 4.68 when han increases from 0.4 – 1.4. The 
graph shows that the minimum value of ηcγ, as well as ηL, ap-
pear when the transverse contact ratio is close to integer, 
which is 1 or 2 here. However, the maximum value of ηcγ and 
ηL appears when the total contact ratio is close to integer 4.

Tooth face width. Figure 10 shows the effect of tooth face 
width on the mean value of mesh stiffness cγm and contact-line 
length Lm. The face width B is varied from 52 mm – 118 mm. It 
is seen that cγm and Lm increase in the same trend when the 
face width B increases. The increasing values of Lm and cγm are 
109 mm and 3.19 N / (μm·mm), respectively.

The results of ηcγ and ηL, by varying the tooth face width B 
from 52mm to 118mm, are plotted in Figure 11, which shows 
that ηL and ηcγ change with the contact ratios when face width 
B increases. The overlap contact ratio is varied from 1.48 – 3.37 

while the transverse contact ratio remains the same, and the 
total contact ratio varying from 2.99 – 4.87.

The graph shows that the minimum value of ηcγ — as well 
as ηL — appears when the overlap contact ratio is close to an 
integer — 2 or 3 in this case. But the maximum value of ηcγ and 
ηL appears when the total contact ratio is close to integer 4.

Pressure angle. Figure 12 shows the effect of gear pressure 
angle αn on the mean value of mesh stiffness cγm and contact-
line length Lm. The pressure angle αn is varied from 16° – 26°. It 
is seen that the mean values of mesh stiffness and lengths of 
contact lines decrease in the same trend when pressure angle 
αn increases. The decreasing values of Lm and cγm are 46.98mm 
and 1.41N/ (μm·mm), respectively.

The results of ηcγ and ηL by varying the pressure angle αn 
from16° to 26° are plotted in Figure 13, which shows that ηL 
and ηcγ change with the contact ratios when pressure angle 
αn increases. The transverse contact ratio is varied from 
1.73 – 1.29, while the overlap contact ratio is unchanged, and 
the total contact ratio varying from 4.36 – 3.92.

Figure 8   The cγm and Lm vs. different addendum coefficient han.

Figure 9  The ηcγ and ηL vs. addendum coefficient and contact ratios.

Figure 10  The cγm and Lm vs. different face width B.

Figure 11  The ηcγ and ηL vs. face width and contact ratios.

Figure 12  The cγm and Lm vs. different pressure angle αn.
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Here the graph doesn’t show that the minimum value of 
ηcγ or ηL appears when the overlap contact ratio is an integer 
because of the pressure angle range. However, the maximum 
value of ηcγ and ηL appears when the total contact ratio is close 
to integer 4. Regardless of calculating errors, the trend of ηcγ is 
completely the same as ηL.

Conclusions
In this paper the mesh stiffness and its fluctuation value of 
helical gears with different parameters, respectively, are cal-
culated by using the finite element method. The influences 
of various gear parameters on the mesh stiffness are system-
atically investigated. The gear parameters concerned here in-
clude pressure angle, helical angle, addendum, co-efficient, 
face width, etc. The comprehensive analysis of the mesh stiff-
ness shows that contact ratios are the key factors affecting the 
fluctuation value of mesh stiffness when the gear parameters 
are changed. The fluctuation value of mesh stiffness attains a 
minimum when the transverse contact ratio or overlap ratio 
is close to an integer, while it has an extreme maximum when 
the total contact ratio is approximate to an integer.

Since mesh stiffness fluctuation is closely related to the 
load variations on the contact lines, the model for solving the 
mean length, total length and time-varying length of contact 
lines is also established. By calculating the length of contact 
lines of various helical gear pairs with different basic param-
eters, the results show that the total length of contact lines 
doesn’t change when the transverse contact ratio or overlap 
ratio is an integer, while it fluctuates more intensively when 
the total contact ratio is indeed an integer.

In comparing the fluctuation amplitude of the total length 
of contact lines with the fluctuation amplitude of mesh stiff-
ness, it is found that the fluctuation amplitudes of both con-
tact lines and mesh stiffness have the same trend when gear 
parameters are changed. So it is proposed that the length and 
fluctuation value of contact line can be used to approximately 
measure the trend of mesh stiffness — but the values of mesh 
stiffness still need special calculation software.

According to the above discussion, it can be predicted that 
by optimizing the basic parameters of helical gears, the fluc-
tuation of the mesh stiffness of helical gears can be reduced 
and the gear transmission system with appropriate contact 
ratios can achieve a lower vibration and noise level. 

Acknowledgment. This work is supported by the 111 proj-
ect (Grant No.B13044) and the Engineering Research Center 
of Expressway Construction & Maintenance Equipment and 
Technology (Chang’an University), MOE (2013G1502057).

References
1. Smith, J.D. Gear Noise and Vibration, Marcel Dekker, Inc., New York, 

2003.

2. Umezawa, K., T. Suzuki and T. Sato. Bulletin of JSME. 29, 1605-1611, 1986.

3. Nagaya, K. and S. Uematsu. Trans. ASME. J. Mech. Des. 103, 357-363, 
1981.

4. Maclennan, L.D. J. Mechanical Engineering Science, 216, 1005-1016, 2002.

5. Wang, J and I. Howard. J. Mechanical Engineering Science, 218, 131-142, 
2004.

6. Liu, G. Chinese Journal of Mechanical Engineering, 27, 20-24, 1991.

7. Bu, Z.H., G. Liu and L. Y. Wu. Journal of Aerospace Power (Chinese), 25, 
957-962, 2010.

8. Bu, Z.H., G. Liu., L. Y. Wu and Z. M. Liu. Mechanical Science and 
Technology for aerospace Engineering (Chinese), 27, 1365-1368, 2008.
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