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Introduction
Current legislation and customer concerns about climate change demand drives with a special focus on efficiency. General 
trends are starting to focus on energy savings, and customers often use total cost of ownership as a deciding factor when 
selecting new drives. 

In addition to the influences of the gear geometry, for example as described by Wimmer (Ref. 1), lightweight construc-
tion also plays an increasingly important role. Targeted lightweight gear wheel design can reduce the rotating mass, which 
directly reduces the energy required by the drive unit during acceleration or braking. The following formula (1) for determin-
ing the rotational energy Erot measured in [J] demonstrates the potential for energy savings:
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J represents the mass moment of inertia in [kg*m²], and ~ describes the angular velocity in [1/s]. For cylindrical wheel 
bodies, this results in:
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where t represents the density in [kg/m³], b the width in [m], and ro the outer diameter of the wheel body in [m]. The outer 
radius ro is factored to the fourth power in the inertia calculation and is therefore particularly suitable for reducing the energy 
expended for acceleration or braking. A smaller gear would serve the same purpose, but this is not always possible as the 
transmissible torque may no longer be sufficient or the transmission ratio may have specific requirements. However,  ro

4 can 
be substituted with ro

4-ri
4, where ri

4 represents the inner diameter of the wheel body. In other words, the overall amount of 
wheel body material can be reduced. This brings both cost savings from lower material consumption and energy savings dur-
ing acceleration and braking. This simple consideration makes it clear that the gear rim thickness should be minimized for 
the most efficient acceleration. However, this also presents limitations, as less material under the teeth reduces the stiffness, 
which leads to changes in the load and pressure distribution and in the excitation spectrum. For example, holes in the wheel 
body have been shown to influence the excitation (Ref. 2).

Therefore, the wheel body must be considered in the design of gear modifications, as it has a significant influence on the 
gear modification itself, the noise excitation, and also on the tooth root stress in extreme cases. The following paper will intro-
duce a method that makes it possible to consider the influence of the wheel body geometry on the gear. As the influence of 
the wheel body on the tooth root stress only has a significant impact on the product design in extreme cases, such as in avia-
tion, this will not be considered in detail.

Today, complex flexible structures are calculated using the finite element method (FEM). Here, the mechanical equations 
are solved (in a weak form, in an integral sense) on powerful computers/clusters using a discretized geometry. The tooth con-
tact is also frequently modeled and calculated with a rolling through of at least one mesh. This method makes it possible to 
consider any mechanical effects, such as of the wheel bodies. However, these calculations are very slow (calculation times > 1 
hour are not uncommon), especially if the tooth contact is also modeled. Furthermore, identifying solutions for contact prob-
lems is not a trivial task, and the calculation may terminate unexpectedly if the parameters are not selected appropriately.

Fast solutions are preferable, especially in the early design phases. Many calculation tools use an approach based on Weber-
Banaschek (Ref. 3). The results of these simulations have been validated many times and have been used in industrial applications 
for decades. Thus, it is obvious that the influence of the wheel body in the stiffness calculation according to Weber-Banaschek 
should be considered. The simple modeling of the gear using this analytical approach also does not lead to many errors. Even 
inexperienced engineers can produce reliable results, and specialized calculation engineers are not absolutely necessary. 

To be commercially successful, new methods must meet the following requirements: 

 1.     The method should be applicable in the gear design phase. This requires calculation times < 10 seconds.

 2.     The results must be reliable, which presupposes that all relevant influences are considered. 

The results of this paper have been simulated in the FVA-Workbench (Ref. 4) and compared with the results of research 
projects by the Drive Technology Research Association (“Forschungsvereinigung Antriebstechnik e.V”, or FVA).
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Statements presented in this paper are those of the authors and may not represent the position or opinion of the American Gear Manufacturers Association.

Background

Methods for Determining the Mesh Stiffness
In the FVA-Workbench, the local load is determined for each 
point on the flank using the influence coefficient method, 
with which the meshing force is distributed to individual 
points for each meshing position along the contact lines. 
The local stiffness at these points can be determined using 
two different methods:

Determination of the Influence Factors According to 
Weber-Banaschek/Schmidt
In this approach, the local gear stiffness over the tooth 
depth is determined according to the Weber/Banaschek 
method (Ref. 3). The teeth are modeled as bending 
beams, with a cross-section that varies over the height. 
The deformation is influenced by the Hertzian contact, 
the shear deformation, and the clamping point of the 
tooth in the wheel body. The wheel body is considered 
as an elastic half-space. The majority of software pack-
ages use this method as the basic value for the gear stiff-
ness, and it is also the foundation for the determining the 
gear stiffness according to DIN 3990 (Ref. 5) and ISO 6336 
(Ref. 6). The additional change to the gear stiffness over 
the face width is considered using a plate model accord-
ing to Schmidt (Ref. 7). This method is also implemented 
in the FVA-Workbench in the RIKOR (Ref. 8) and DZP 
(Ref. 9) calculation programs, and has been validated by 
both bench tests (Ref. 10) as well as decades of indus-
trial application for the design of gear modifications. 
The advantage of this analytical formula-based method 
is that it produces reliable results for load distribution, 
noise excitation, and for the design of gear modifications 
with minimal calculation time.

The problem with previously available software-based 
implementations is that they only deliver precise results 
for the influence of cylindrical wheel bodies. The following 
solution will demonstrate how the analytical calculation of 
the influence factors can be extended to include detailed 
wheel body deformation calculated using FE methods, 
without significantly increasing the calculation time. 

Determination of the Influence Factors Using an FE 
Approach
In this approach, the tooth deformation influence factors 
can be calculated using FEM. Here, both the gear and the 
wheel body are meshed. The mesh resolution is automati-
cally determined according to a method developed in FVA 
Research Project 127 (Ref. 11), which is implemented in the 
FVA STIRAK calculation program and has also been vali-
dated in test bench trials and practical application. What 
is unique about this approach is that the parametric mesh-
ing is done using hexahedra for the tooth area to be evalu-
ated and tetrahedra for the underlying wheel body. The two 
bodies are combined in the calculation process via mesh 
tying, also known as glued contact. This enables reliable 

FEM meshing of the gear, regardless of the complexity of the 
shape of the wheel body.

Similar to the Weber-Banaschek method, the influence 
factors are determined by applying a single load to discrete 
points and recording the deformation of the flank. For the 
FE calculation, these discrete points are the nodes of the 
FE mesh. The correct stiffness of the complete geometry, 
including the wheel body, is determined by superimposing 
the individual loads. The results show a slightly wavy sur-
face for the pressure distribution. This can be smoothed by 
choosing a finer meshing resolution, but this increases the 
calculation effort. 

The advantage of this FE-based approach is that the influ-
ence of the deformation of the wheel body is automatically 
considered. However, the calculation time is longer com-
pared to the analytical approach.

Gear System Approach
To correctly determine the load distribution in cylindri-
cal gear stages and design suitable gear modifications, all 
cross-influences between the machine elements of a com-
plete gear system that are relevant for component defor-
mation must be considered for the operating state to be 
calculated. The deformation behavior of the gearbox is 
represented in a complete stiffness matrix. The partial stiff-
ness matrices of the individual components (casing, shafts, 
bearings, gears, couplings, etc.) are added to the com-
plete stiffness matrix according to the method described 
in (Ref. 12). The deformation vector of the coupling points 
between the machine elements is determined by multiply-
ing the inverted complete stiffness matrix by the load vec-
tor of the external loads. 

To determine the partial stiffness matrices of each com-
ponent, methods are used which deliver sufficiently pre-
cise determination of the deformations with a short calcu-
lation time. For example, the shafts are modeled in sections 
as classic Timoshenko beams. The bearing stiffnesses are 
determined according to (Ref. 13) based on the Hertzian 
contact deformation. FEM calculations are used for com-
plex structural components such as the casing and planet 
carriers. A reduced stiffness matrix is determined for these 
components and then considered in the calculation. An 
example of this procedure is described in (Ref. 14). The sys-
tem must be solved iteratively due to the non-linear behav-
ior of the tooth contacts, the bearings in the gearbox, etc. 
This is done using the Newton method for iteration control.

How to Consider a Wheel Body
The gear stiffness from ISO 6336 (Ref. 5) is used throughout 
the mechanical system. This gear stiffness cc describes the 
deformation behavior of two gears in mesh, and the model 
includes a fully cylindrical wheel body. 

The gear stiffness is linked with the shaft via a rigid lever 
arm. The stiffness of the shaft can be modeled as either a 
Timoshenko beam or as an FE structure. This modeling 
method is shown in Figure 1. 
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In an intermediate step, the gear stiffness is initially consid-
ered using a modified stiffness which does not include the 
influence of the wheel body. This is designated as ccmod, and 
the reduced stiffness of the wheel body is designated as kred. 
The gear pair stiffness is then linked at the level of the virtual 
bending diameter of the wheel body according to (Ref. 15). 
This type of modeling is shown in Figure 2. To link the wheel 
body with the shaft, rigid rods are added which transmit the 
deflections of the shaft and the torsion of the wheel body.

In the following, a virtual node is introduced in the center 
of the hub and linked to the reduction point of the wheel 
body and the tooth pair stiffness. The connecting elements 
and the connection to the virtual node are rigid. This results 
in a system with identical mechanical behavior.

Considering the possible deformation cases shown in Figure 
3, the advantages of this kind of modeling are clear. The com-
mon analytical models are limited to the bending of the tooth 
and the associated deformation of the cylindrical wheel body. 
In contrast, this model can represent all degrees of freedom. 
The radial deformation and its tilting in the drawing plane are 
important to consider for thin-walled structures, in particular. 

Figure 2—Integration of the reduced stiffness of the wheel body via a 
modified meshing stiffness.

Figure 3—Possible deformation types of the model.

To resolve the load distribution, reduction nodes are dis-
tributed at equidistant intervals across the common tooth 
width. The lever arms described above are applied at these 
reduction nodes. The shear influence in the wheel body is 
already fully considered via the static reduction. 

The meshing of the surface is essential for the qual-
ity of the results. In particular, the distance between 
the nodes of the FE mesh and the reduction points has 
been observed to have an influence on the quality of the 
results. This imposes strict requirements on the quality 
and the resolution of the mesh. Special pre-processing of 
the CAD geometry of the wheel body makes it possible to 
fulfill these requirements.

Results and Discussion
The same model of a two-stage reducer gearbox, as typically 
used for electromobility, is used for all of the following anal-
yses. The overall gear ratio of the gearbox is 1/7.76. The gear-
box is driven with an input power of 100 kW at 5,000 min^-1. 
The input torque at a nominal speed is specified as 190 Nm.

All of the following analyses focus on the input stage and 
describe its behavior. The gear data is summarized in Table 1:

Sym.
Input stage [513]

Unit
Wheel [516] Pinion [517]

Normal pressure angle an 20 °

Helix angle at reference 
diameter b -30 30 °

Number of teeth z 43 21 -

Center distance a 75 mm

Normal module mn 2 2 mm

Transverse module mt 2.3094 2.3094 mm

Addendum modification 
coeff. x 0.57179 0 -

Face width b 25 32 mm

Tip diameter da 105.591 52.497 mm

Transverse contact ratio fa 1.301 -

Overlap contact ratio fb 1.989 -

Total contact ratio fγ 3.291 -

Figure 4—The model used for the following studies.

Table 1—Gear geometry.

Figure 1—Analytical model using cc from ISO 6336.
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The geometry of the wheel body is shown in Figure 5. The 
wheel body is fixed to the shaft via an interference fit. The 
geometry is largely determined by the outer diameter of the 
hub. The holes are positioned in the center between the 
outer diameters of the hub and wheel body to allow for holes 
with a maximum diameter.

The gear is modified to achieve uniform load distribu-
tion at nominal load. The full disc wheel body according to 
the Weber-Banaschek (Ref. 3) model is used as a reference. 
The 2D load distribution and the pressure distribution are 
shown in Figure 6.

Figure 5—Illustration of the wheel body geometry.

The applied gear modifications are specified in Table 2:

Modification to:

Type of modification Symbol Pinion Wheel Unit

Fa
ce

 m
od

ifi
ca

tio
ns Helix angle 

modification CHb 17 - nm

Lead crowning Cb 4 - nm

Circular end relief Cb 3 - nm

Length of circular 
end relief lC 5 - nm

Pr
ofi

le 
m

od
ifi

ca
tio

ns

Symmetrical profile 
crowning Ca 5 - nm

Circular tip relief Caf 5 5 nm

Length of circular 
root relief 3 4 nm

This results in the flank and profile lines shown in Figure 7.

Table 2—Applied modifications.
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Figure 7—Resulting modifications for pinion and wheel.
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Figure 6—Loaded flank; load distribution over the tooth width (top), 
pressure distribution over the entire flank (bottom).
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Validation with Existing Models
First, the results of the cylindrical FE wheel body are com-
pared with the results of the wheel body according to Weber-
Banaschek. The width of the wheel body corresponds to the 
gear width. The diameter of the wheel body ends m3 n)  
below the gear. 

In a pre-processing step, the wheel body is meshed with 
tetrahedra and the stiffness is determined using static 
reduction. The mesh details are listed in Table 3.

Cylindrical gear wheel 
body [556]

Unit

FE mesh element quality 
assessment

All elements meet 
the quality criteria

-

Element type Tetrahedron -

Mesh type Uniform -

Element order Quadratic -

Number of elements 103857 -

Number of nodes 147865 -

Allow surface corrections X -

Defeaturing (relative to total size) 0 %

The results of the calculation are shown in Figure 8. The 
graph on the left shows the result with the wheel body 
according to Weber-Banaschek, the reduced FE stiffness is 
on the right. The results are qualitatively very similar, and 
there is no difference in the transverse load factor KHb.
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Figure 8—Comparison of the load distribution with (top) and without FE 
wheel body (bottom).

With the FE wheel body, a slight drop in the load (17 N/mm) 
can be observed at the right edge of the gear. At the left edge, 
the load increases by 12 N/mm. This indicates additional 
tilting in the tooth contact. Considering the deformations in 
the tooth contact, shown in Figure 9, it becomes clear that 
the additional tilting is caused by the lateral deformation of 
the wheel body. 

Additional degrees of freedom are available with the FE 
wheel body, as shown in Figure 3. Due to the helical gears, 
an axial force acts on the gear mesh. In the axial direction, 
the wheel body behaves like a one-sided clamped cantile-
ver. This deformation leads to additional tilting, in which 
the right side is pressed radially into the gear mesh and the 
left side is pulled out of the mesh. This increases the lateral 
deformation from 10 µm to 12.5 µm compared to the Weber-
Banaschek model (Ref. 3).

The cylindrical wheel body is compared with an FE 
solution to validate the pressure distribution on the tooth 
flank over the gear mesh, using the FVA STIRAK program 
(Ref. 11) as a reference. For consistency, the meshing 
parameters defined in Ref. 16 are used for the FEM solu-
tion, as described in Table 4. To accelerate the calcula-
tion, only the teeth that come into contact are meshed. 
The total contact ratio determines the minimum number 
of teeth to be meshed. 

Table 3—Wheel body mesh details.
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Figure 9—Deformation in tooth contact; with Weber-Banaschek (top) and FE 
wheel body (bottom).
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Number of elements Over the tooth height 16

At tooth root 8

Over the tooth thickness 8

Common face width 32

Meshed teeth 4

The calculated pressure distribution for the analytical 
solution with reduced FE wheel body and the FE calculation 
with STIRAK are shown in Figure 10. Direct comparison 
shows that the pressure distributions are very similar. The 
maximum pressure for the STIRAK solution is 1440 N/mm2, 
with 1381 N/mm2 for the analytical solution. This difference 
is considered negligible.

Influence of the Wheel Body on the Gear 
Modification

The previous example clearly shows the influence that the 
axial force of a helical gear can have on the tilting of the 
wheel body. It can therefore be assumed that the web width 
will also have an effect on the gear modification. Thus, a 
wheel body will be calculated with a varying web width in 
this analysis. The geometry is documented in Table 5. As the 
load-carrying capacity of the wheel body cannot be consid-
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Figure 10—Pressure distribution comparison; pressure distribution with STIRAK 
(top), analytical pressure distribution with reduced FE wheel body (bottom).

ered with the available resources, it must be assumed to be 
sufficient. The wheel bodies are positioned such that the 
holes are always located directly under the gear for the cal-
culation to maximize their effect.

# Web width 
[mm]

Relative 
web width

Load 
distribution 

factor KHb[-]
Wheel body 
weight [kg]

Relative 
weight 
change

1 25 100% 1.07 1.911 0%

2 25 100% 1.07 1.469 -23%

3 20 80% 1.12 1.239 -35%

4 15 60% 1.13 1.095 -43%

5 10 40% 1.15 0.952 -50%

6 5 20% 1.23 0.808 -58%

Variants 1 and 2 from Table 5 are cylindrical wheel bodies. 
Variant 1 corresponds to the calculation from the previous 
analysis; holes have been added to Variant 2 for additional 
weight savings. The holes are evenly distributed around the 
circumference and centered between the outer diameters of 
the wheel and hub. 

Consideration of the relative weight differences between 
the variants clearly shows the potential of this type of wheel 
body. For example, a weight savings of over 60% can be 
achieved in Variant 6 with a web width of 5 mm. 

Figure 11 shows the transverse load factor and the 
weight over the web width. As is to be expected, the graph 
shows that the weight decreases linearly with the web 
width. For the first two variants, it clearly shows that the 
holes do not have any effect on the transverse load factor. 
The transverse load factor increases as the web width is 
reduced. Surprisingly, moderate web widths only have a 
slight effect on the transverse load factor. In this case, the 
holes have no effect on the load distribution across the 
face width, as the wheel body was designed with a suffi-
ciently thick gear rim. However, it can be assumed that the 
holes will have an influence on the transverse load factor 
with thinner gear rims.

Table 4—FE meshing parameters for the gear and wheel body.
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Figure 11—Transverse load factor and weight over the web thickness.

Table 4—FE meshing parameters for the gear and wheel body.
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The additional deformation can be compensated for 
with a suitable helix angle modification. However, the 
modification to the drive and coast side flanks can dif-
fer significantly. It is essential that all relevant operating 
points are considered. 

Influence of the Gear Body on the Noise Excitation
The previous results suggest that holes in the wheel body 
also have an influence on the tooth contact. Thus, the fol-
lowing will calculate four wheel bodies with different hole 
diameters. To more easily identify the influence of the holes 
in the evaluation, only four holes will be added. The analysis 
is performed using a wheel body with a web width of 15 mm 
to minimize its influence.

With this simulation technique, a rotating gear can be 
represented as rotation of the wheel body. The static reduc-
tion must be reperformed after each rotation. The rotational 
increment is one tooth. 

To identify the influence of holes in the wheel body on the 
transmission error, a wheel body without holes is calculated 
in the first step. Figure 12 shows the transmission error over 
the angle of rotation of the wheel body. Qualitatively, it can 
be observed that the results fluctuate slightly. This is due to 
imperfections in the meshing. The transmission error curve 
shows a regular pattern with periodically recurring charac-
teristics, as is to be expected from common excitation calcu-
lations. As long as no holes are included, the influence of the 
wheel body on the excitation is negligible. Harmonics can 
also be identified in the Fast Fourier Transformation (FFT) 
in Figure 13.

The meshing orders, marked as light blue lines, are 
particularly noticeable in the transmission error spec-
trum. The meshing orders are oriented to multiples of 
the number of teeth at the 43rd, 86th, 129th, and 172ⁿd 
orders. Small amplitudes can also be seen between the 
first and 42ⁿd orders due to harmonics in the transmis-
sion error and the meshing. These amplitudes occur 
when the reduction points are not located directly at a 
mesh node.

The following overview shows the excitation behavior for dif-
ferent hole diameters. The left column shows the transmission 
error, and the right column shows the spectra from an FFT. 

Figure 14, which shows the transmission error over a single 
rollover and the associated FFT spectra, provides a summary 
of the calculation results. With regard to the transmission error, 
it can be seen that the magnitude of the oscillations increases 
with the hole diameter. The oscillation width increases more 
than nine-fold, from an initial 0.79 µm to 7.5 µm. 

Looking at the spectrum of the transmission error, it shows 
that the tooth meshing orders are predominant with small 
hole diameters. As the hole diameter increases, additional 
orders can be seen in the spectrum. From a 5 mm hole diame-
ter, the 4th order is clearly visible as an additional order with an 
amplitude of 0.1 µm. This order increases with the hole diam-
eter. With a 20 mm hole diameter, the 4th order greatly exceeds 
the defined axis with 2.9 µm. Furthermore, it can be observed 
that sidebands appear at the tooth meshing frequencies as the 
hole diameter increases, with a spacing of ±4 orders. These 
orders can all be attributed to the number of holes and the hole 
diameter. It can therefore be stated that the hole diameter and 
the number of holes have a clear influence on the excitation 
behavior. If the holes become too large, the excitation of the 
hole dominates over the excitations from the gearing.
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Figure 13—Transmission error spectrum of a wheel body without holes.
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Figure 14—Overview of calculation results for hole diameters of 5 mm, 10 mm, 15 mm, and 20 mm.
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In Figure 15, the ranges of variation of the transmission 
errors are evaluated. The fluctuation ranges are determined 
as maximum value—minimum value. The fluctuation range 
increases non-linearly with increasing hole diameter. 

It can be seen that the wheel body has a strong influence 
on the excitation behavior. This influence should be taken 
into account when designing the gear teeth and should be 
simulated using suitable tools.
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Figure 15—Influence of wheel body holes on the peak-to-peak transmission error.

Conclusion and Future Work
This study presents a simulation method for considering complex wheel bodies in an analytical tooth contact model. The wheel 
body is considered using reduced FE stiffness. Reduction points are defined over the width and linked with the analytical gear. 

For cylindrical wheel bodies, comparative calculations show fewer deviations from the expected results with the new 
method. This is due to the additional degrees of freedom in the FEM model. In the calculation with cylindrical wheel bod-
ies, bending due to axial force in tooth contact could also be verified in addition to the deformation in tooth contact and the 
influence of the shaft-bearing system. 

The influence of the web width on the tooth contact could also be demonstrated in the analysis of the face modification. 
The axial stiffness decreases with the web width, and the wheel body deforms under the load. As long as they are known, 
these deformations can be taken into account via additional helix angle modifications. In doing so, it is important to consider 
partial load conditions, as the lower loads result in smaller deformations. This is also principally the case without the wheel 
body; however, the wheel body introduces additional elasticities into the system which must be considered. 

It could be demonstrated that the noise excitation is particularly affected by holes in the wheel body. Holes can be detected 
in the noise excitation and in the spectrum, almost irrespective of their size. The larger the holes, the greater their influ-
ence on the noise excitation. In particular, the low-frequency vibration components, such as the amplitudes from the hole, 
become significantly more important with increasing speeds in electrified powertrains. While lower speeds were common 
in the transmissions of internal combustion engines, higher speeds are frequently used in electric drives. For example, the 
speed4e concept drive (Ref. 17) uses 30,000 rpm on the drive side. 

The heavy dependence on the finite element (FE) meshing quality poses a challenge, as the user must deal with different 
meshes and perform a convergence analysis to find the appropriate meshing quality. It would be preferable to specify a struc-
tured mesh on the surface at the transition between the FE wheel body and the analytical gear. This would ensure that the 
reduction points are always located on the nodes of the FE mesh. 

Fast simulation is essential for being able to calculate the influence of the wheel body on the gear as early as possible in 
product development. With this simulation method the greatest effort is the static reduction, which must only be performed 
once. The calculation times were documented in the project and are summarized in Table 6. These speeds suggest that this 
method is suitable for product development.

Calculation step Duration

Static reduction 30 seconds to 15 minutes, depending on the FEM meshing size

System calculation Between 1 and 3 seconds, depending on the gearbox size

In conclusion, it can be stated that the use of weight-optimized wheel bodies is possible and useful. However, this should 
be considered in gear calculations as early as possible, as the wheel body has an influence on both the load-bearing capac-
ity and the noise behavior.

Table 6—Summary of calculation times.
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